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Abstract. We prove that the topology, smooth structure, and metric of a
compact Lorentzian manifold with boundary is uniquely determined by data
at the boundary. The data consists of the lengths and directions of future-
directed once-broken geodesics connecting points on the boundary, which are
first timelike and then lightlike. This requires the strong causality condition
and a weak convexity assumption, but it holds without any assumptions about
conjugate points. With an additional convexity assumption we prove the anal-
ogous statement for future-directed once-broken timelike geodesics.
If there are no conjugate points and lightlike geodesics never refocus, the
analogous data using lightlike geodesics and once-broken lightlike geodesics
may be used to reconstruct the manifold up to a conformal factor. This is a
corollary of a result which shows that the conformal class is determined by
the collection of sets of future-directed lightlike vectors at the boundary which
give geodesics which all intersect in a single point.
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1. Introduction
Consider a compact regionM in a semi-Riemannian manifold. Suppose that we,
from outside of M , are allowed to send test particles following geodesics into M
and observe where and in which direction they exit M . How much of the geometry
of M can we determine? This is the problem of “scattering rigidity”, and the data
gathered from such observations is called “scattering data”. If the lengths of the
geodesics is also part of the data, then the data is called “lens data”. There are
several results on the problems of scattering rigidity and lens rigidity in Riemann-
ian signature (see [8, Section 1.2] for a list with references), and a few results in
Lorentzian signature (see [1]).
We will consider similar data, where the test particles are allowed to change
direction once (so that they follow broken geodesics with at most one breakpoint).
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p = exp(tξˆ)
ξ
η
∂M
Figure 1. The triples (ξ, t, η) with ξ timelike, η lightlike, and ξˆ
being the normalization of ξ to unit length related as in the picture,
form the fireworks data.
We call such data “broken scattering data”, or “broken lens data” if the data also
contains the lengths of the geodesics. The problem of reconstructing a Riemannian
manifold from broken lens data was considered by Kurylev, Lassas, and Uhlmann
in [13]. They proved that the broken lens data1 of a compact, connected Riemannian
manifold with nonempty boundary determines the isometry type of the manifold.
We will consider different versions of the problem for Lorentzian manifolds. We
choose to consider only geodesic segments which are future-directed and causal.
This restriction makes the problem very different from the Riemannian case. For
instance it excludes broken geodesics which consist of following a single geodesic
segment twice in opposite directions. Such broken geodesics were used in [13].
There are still different possible versions of the problem, depending on the al-
lowed causal type of the two parts of the broken geodesics. One option is to consider
only lightlike broken geodesics. In this case, the lengths of geodesics are always zero
so the lens rigidity problem is equivalent to the scattering rigidity problem. This is
the version we consider in Section 5. Our solution to this problem is a corollary of
the “sky shadow rigidity” discussed in Section 4. The name “sky shadow” is inspired
by the use of the word “sky” in [17] and [21, Chapter 1] to mean the set of lightlike
geodesics through a point. A result about reconstructing the manifold structure
and metric of a Lorentzian manifold from its space of skies can be found in [2]. For
other questions about the space of lightlike geodesics of a Lorentzian manifold we
refer to [18].
1What we call broken lens data is in the terminology of [13] instead called “the broken scattering
relation”. We choose our terminology to agree with the terminology used for instance by Croke
and Wen and by Andersson, Dahl, and Howard; see [8], [1] and the references contained therein.
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Another option is to consider only timelike broken geodesics, as we do in Sec-
tion 3. A solution to the rigidity problem with this data follows by a limiting argu-
ment from a solution to the lens rigidity problem where the data is based on broken
geodesics which are first timelike and then lightlike (see Figure 1). We call this lat-
ter problem “fireworks rigidity” and discuss it in Section 2. The name “fireworks”
refers to a possible physical interpretation: Suppose that we send in free-falling fire-
works into the region M which explode after a predetermined time, transmitting
light in all directions. Then the fireworks themselves will follow timelike geodesics,
and the light they transmit will follow lightlike geodesics. By observing the light
at the boundary ∂M , we obtain precisely the broken lens data for once-broken
geodesics which are at first timelike, and then lightlike.
Fireworks rigidity, broken timelike lens rigidity, and broken lightlike scattering
rigidity could collectively be called “broken causal lens rigidity” since the geodesics
involved are causal and future-directed. The broken lightlike scattering rigidity
problem is included here since it is equivalent to the broken lightlike lens rigidity
problem; lightlike geodesics have zero length, so including the curve length in the
data gives no additional information. A similar problem, which we will not discuss
further, is broken timelike scattering rigidity, where the data is similar to the broken
timelike lens data but with the curve lengths omitted.
In general, solutions to the rigidity problems we have mentioned tell us the
following: “Suppose that two manifolds have the same data. Then the manifolds
are necessarily the same.” For our results, we impose rather weak restrictions on
the two manifolds to be compared. The result in [13], which also deals with data
from broken geodesics, shares this feature, and in fact imposes only the conditions
that the manifolds are compact, connected, and have nonempty boundary. This is
in contrast with typical results about lens and scattering rigidity from unbroken
geodesics. Such results are typically asymmetric in that they impose very strong
conditions on one of the manifolds but not on the other. For instance, [19] includes
a result where one of the manifolds is a subdomain of a hemisphere. Similarly, a
rigidity statement was shown in [4] (using the concept of “filling volume” from [10])
when one of the manifolds is a region in Rn with a metric sufficiently close to the
Euclidean metric. These papers deal with “boundary distance rigidity”, which is
equivalent to lens rigidity when one of the manifolds is either “simple” or “strongly
geodesically minimizing”. Details can be found in [7]. Results about scattering
rigidity often require even stronger conditions. One such scattering rigidity result
is shown in [23] under the assumption that the manifolds are two-dimensional and
one of them is simple. This extends a previous result in [22] about lens rigidity
under the same assumptions.
The corresponding problems for Lorentzian manifolds have received less atten-
tion. Lorentzian analogues of the boundary and lens rigidity results can be found
in [1] for Lorentzian “spacelike slabs” having spacelike boundary. Similar ques-
tions can be posed and answered for data on timelike hypersurfaces; for instance,
in [15] the restriction of the distance function to a timelike hypersurface was used
to determine the C∞-jet of the metric on the hypersurface.
1.1. Main results. For definitions of some of the terminology used here and later
in the paper, see Appendix A. Our first main result is Theorem 2.4. It tells us that
if we know that a time-oriented Lorentzian manifold with boundary is strongly
causal and compact, that it satisfies a weak convexity condition, and we know the
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p
η1 η2
∂M
Figure 2. The figure shows a region in the (1 + 1)-dimensional
Minkowski plane. The past sky shadow of p is the set of all nonzero
vectors parallel to the lightlike vectors η1 and η2.
p
Σ
∂M
Figure 3. The figure shows a region in the (2 + 1)-dimensional
Minkowski space. The past sky shadow of p is the set of all nonzero
lightlike vectors based at the curve Σ and tangent to the cone.
fireworks data of the manifold, then we can determine the manifold up to isometry.
Note that we do not assume that we know anything at all about the topology of
the interior of the manifold. As a corollary we obtain Theorem 3.3, which says
that we can determine a time-oriented Lorentzian manifold up to isometry if we
know that it is strongly causal and satisfies a convexity condition, and we know its
broken timelike lens data. The conditions that the manifold is compact and that
the measurements are made at the boundary are not essential; the techniques used
in the proof extend to some cases when the measurements are made on arbitrary
“sufficiently large” hypersurfaces in manifolds which may or may not have boundary.
We have not tried to make these conditions precise, and we will consider only the
case when the manifold is compact and the measurements are made at the boundary.
Our second main result is Theorem 4.5, concerning what we call “sky shadow
rigidity”. Following [17], by a “sky” we mean the set of all lightlike geodesics through
a point. The “sky shadow” of a point is the set of nonzero tangents of these geodesics
which are based at the boundary of the manifold. More specifically, the “past sky
shadow” (see Figure 2 and Figure 3) of a point p consists of all those lightlike
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vectors at the boundary such that the future-directed geodesics they generate pass
through the point p. This is similar to the “light observation sets” used in [14], with
the difference that the sky shadow is a subset of the tangent bundle instead of the
manifold itself, and that we consider sky shadows on the boundary while the light
observation sets are defined by intersections with an open neighborhood of a timelike
geodesic segment. (See [14, Theorem 1.2] for a reconstruction theorem involving
these light observation sets.) The question is then, if we know the collection of all
past sky shadows for a Lorentzian manifold with boundary, can we determine the
manifold and the conformal class of the metric? (Since the data is invariant under
conformal changes of the metric, we cannot hope to determine more than this.)
We answer this question affirmatively in Theorem 4.5, under the condition that the
manifold is known to be strongly causal, has sufficiently many lightlike geodesics
transverse to its boundary, and has no lightlike geodesics with conjugate points. As
a corollary we obtain Theorem 5.4, which tells us, under similar conditions, that the
broken lightlike scattering data together with the unbroken lightlike scattering data
is sufficient to determine the manifold and conformal class. Again, the conditions
that the manifold is compact and that the measurements are made at the boundary
are not essential, but for simplicity we will only consider this case.
1.2. Reconstruction of smooth structures. As part of the proofs, we will need
to reconstruct the topology and smooth structure of a manifold from a set of data. A
common way of reconstructing a smooth structure is to reconstruct suitable smooth
coordinates (see for instance [11, Section 3.8] and [14, Section 5.1]). We will use a
different method. We first use the data to construct a smooth manifold Ω and an
appropriately chosen equivalence relation ∼ on Ω. (The equivalence relation need
not a priori make Ω
/∼ a smooth manifold.) Given a smooth manifold M which
realizes the data in question, we then construct a smooth surjective submersion
Θ: Ω → M which is such that it descends to a bijection Θ˜ : Ω/∼→ M . The
important observation is that if there exists a smooth structure on Ω
/∼ which
makes the quotient map Ω → Ω/∼ a smooth surjective submersion, then this
smooth structure is unique. This then determines the smooth structure on M in
the following way: Suppose that we have two smooth manifoldsM andM ′ realizing
the same set of data. Then we get a commutative diagram as follows:
Ω
M Ω
/∼ M ′.
Θ′
Θ˜′
Θ
Θ˜
Since there is at most one smooth structure on Ω
/∼ which makes the quotient
map a surjective submersion, the smooth structure on Ω
/∼ given by the bijection
Θ˜ must be diffeomorphic to the one given by the bijection Θ˜′. Hence Θ˜′ ◦ Θ˜−1
is a diffeomorphism. If the maps Θ and Θ′ are suitably chosen, this construction
also allows us to determine additional structure, such as metrics or conformal types
of metrics on the manifolds. Of course, the equivalence relation ∼ is uniquely
determined by Θ. However, the point is that ∼ should be possible to characterize
completely in terms of the data, whereas Θ necessarily depends on M .
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The method described above will be used explicitly in the proof of the first main
result, Theorem 2.4. The set Ω will consist of vectors and curve lengths, and the
map Θ will be the exponential map. In Theorem 4.5 we will use the same idea
but not explicitly construct an equivalence relation. The set Ω will consist of null
Weingarten maps (as defined in Appendix B) of sky shadows, and the map Θ will
be defined by solving the Riccati equation for the null Weingarten map and using
the solution to identify the point from which the sky shadow originated.
2. Fireworks rigidity
We will now define the concept of fireworks data, which should be thought of as
a set of triples which represent broken geodesics which are first timelike and then
lightlike. We use the notation ∂TM to denote the boundary of the tangent bundle
of a manifold M with boundary; in other words ∂TM , which could also be denoted
TM
∣∣
∂M
, is the restriction of the tangent bundle of M to the boundary ∂M . Note
that this is different from the tangent bundle of ∂M itself, which is denoted by
T∂M .
Definition 2.1. Let M be a time-oriented Lorentzian manifold with boundary
∂M . The fireworks data of M , as illustrated in Figure 1 on page 2, is the set of
triples (ξ, t, η) ∈ ∂TM × R× ∂TM such that
• ξ is future-directed and timelike,
• η is future-directed and lightlike,
• after distance t, the geodesic starting with ξ intersects the geodesic ending
with η.
The geodesics are allowed to intersect ∂M in arbitrarily many points. We say that
M and M ′ have isomorphic fireworks data if ∂TM → ∂M and ∂TM ′ → ∂M ′
are isomorphic as smooth fiber bundles, by an isomorphism which identifies the
fireworks data of M with the fireworks data of M ′.
In this section and in later sections we will use a function T∂ which for a given
vector tells us how long, in parameter time, it takes for the geodesic starting with
that vector to intersect the boundary. The following lemma tells us that this func-
tion is smooth on a certain open submanifold of the tangent bundle.
Lemma 2.2. Let M be a semi-Riemannian manifold with boundary and let M
be its interior. Let T˜M denote the set of tangent vectors based in M which are
initial velocities of inextendible half-geodesics which intersect the boundary and do
so transversely. Define T∂ : T˜M → R by letting T∂(η) be the parameter time after
which the geodesic starting with η intersects the boundary. (By definition of T˜M ,
there is precisely one such parameter time.) Then T˜M is an open submanifold of
TM and T∂ is smooth.
Proof. First extend T∂ to all of TM by letting T∂(η) be the parameter time af-
ter which the geodesic starting with η intersects ∂M for the first time. We let
T (η) = ∞ if the geodesic does not intersect ∂M at all. Extend M to a semi-
Riemannian manifold without boundary M and let exp: TM → M denote the
(partially defined) exponential map of this larger manifold. Fix η ∈ T˜M and let
p = exp(T∂(η)η) ∈ ∂M . Choose a neighborhood U ⊂ M of p foliated by level
sets of a smooth submersion F : U → R such that F−1(0) = U ∩ ∂M . This is
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possible since ∂M is an embedded hypersurface inM. For (ξ, t) in a neighborhood
of (η, T∂(η)) ∈ TM × R, let
Φ(ξ, t) = F (exp(tξ)).
(There is an open set where this is well-defined, since exp is continuous so that
exp−1(U) is open.) Consider the equation
Φ(ξ, t) = 0.
Since F is a submersion and the geodesic starting with η intersects ∂M transversely,
we have
∂Φ
∂t
(η, T∂(η)) =
d
dt
∣∣∣∣
t=T∂(η)
F (exp(tη)) 6= 0.
Hence, by the implicit function theorem [16, Theorem C.40] there is a smooth
function t defined on a neighborhood V of η such that
Φ(ξ, t(ξ)) = 0 for ξ ∈ V,
t(η) = T∂(η).
Moreover, this function is locally unique in the sense that if  > 0 is sufficiently
small then for each ξ ∈ V there is at most one t with |t − t(η)| <  such that
F (exp(tξ)) = 0. Fix such an .
We will now prove that, after possibly shrinking V , the function T∂ agrees with
t on V . Note that
T∂(ξ) = inf{t ≥ 0: tξ ∈ exp−1(∂M)}
which means that T∂(ξ) ≤ t(ξ). Moreover, t is continuous so we may shrink V so
that |t(ξ) − t(η)| <  for all ξ ∈ V . Hence T∂(ξ) < t(η) +  for all ξ ∈ V . Since
the set ∂M is closed and exp is continuous, the set exp−1(∂M) is also closed and
hence T∂ is lower semi-continuous. This means that we may shrink V to ensure
that T∂(ξ) > T∂(η)−  for all ξ ∈ V . Since t(η) = T∂(η) we have now obtained the
inequalities
t(η)−  < T∂(ξ) < t(η) + 
for all ξ ∈ V . Note that both t = t(ξ) and t = T∂(ξ) are such that |t− t(η)| <  and
F (exp(tξ)) = 0. There cannot be more than one such value of t by our choice of V
and , and hence t(ξ) = T∂(ξ). This means that T∂ agrees with t on V , so that T∂
is smooth on V .
If we can show, possibly after shrinking V further, that V ⊆ T˜M , then we will
have shown that T˜M is open and that the restriction of T∂ to T˜M is smooth.
Let Φg denote geodesic flow. Explicitly, Φg(t, ξ) = γ˙ξ(t) where γξ is the geodesic
with γ˙ξ(0) = ξ. Then the map α : ξ 7→ Φg(T∂(ξ), ξ) defined on V is smooth. Note
that, for ξ ∈ V , it holds that α(ξ) ∈ T∂M if and only if ξ /∈ T˜M . The inverse
image of T∂M under the smooth map α is closed since ∂M is closed, and it does
not contain η since η ∈ T˜M . Hence V \ α−1(T∂M) is an open neighborhood of η
which is completely contained in T˜M . We have shown that T˜M is open and that
T∂ : T˜M → [0,∞) is smooth. 
The proof of Theorem 2.4 will involve an equivalence relation . To prove one
of the properties of that equivalence relation we will use the following point-set
topology result.
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Figure 4. Geodesics tangent to a small sphere in the (1 + 1)-
dimensional Minkowski plane.
Lemma 2.3. Let Γ ⊆ [0, 1] × R be compact. Define an equivalence relation ≈ on
Γ by letting (s, t) ≈ (s′, t′) if and only of s = s′. Suppose that the restriction to Γ
of the projection pi1 : [0, 1]× R→ [0, 1] is surjective. Then the quotient space Γ
/≈
is connected.
Proof. The quotient map Γ → Γ/≈ is continuous, so Γ/≈ is compact. Then
pi1 : Γ → [0, 1] descends to a continuous bijection from the compact space Γ
/≈ to
the Hausdorff space [0, 1], so it is a homeomorphism. Hence Γ
/≈ is homeomorphic
to [0, 1], and in particular connected. 
We are now ready to prove that the fireworks data of a compact time-oriented
Lorentzian manifold with boundary determines the manifold uniquely when the
strong causality condition and a weak convexity condition are imposed. The con-
vexity condition is the condition that each point in the interior of the manifold is
the future endpoint of a past-inextendible timelike geodesic which intersects the
boundary transversely. The following sketch of a construction illustrates which
kind of manifolds may be excluded by this condition. Consider the outside of a
coordinate sphere t2 +x21 + · · ·+x2n = r2 in the Minkowski spacetime with standard
coordinates (t, x1, . . . , xn), and consider a family of future-directed geodesics which
are initially tangent to this sphere and whose initial velocities lie in the planes
spanned by the coordinate radial direction and the ∂t direction. They will initially
look like in the left picture in Figure 4. After a parameter time which is long
compared to the size of the removed ball the geodesics will look like in the right
picture in Figure 4: They are very close to originating from a single point. It seems
plausible that the metric can be perturbed slightly to make the geodesics appear
to have originated exactly from a single point. There are Lorentzian manifolds (for
instance the Anti-de Sitter spacetime) where all timelike geodesics from one point
refocus in another point. Using a similar metric, it seems plausible that one can
make the family of geodesics we are considering refocus in a single point p. This
means that all past-directed timelike geodesics starting at p intersect the boundary
tangentially, and the manifold fails to satisfy the hypothesis of the theorem. Nev-
ertheless, we do believe that the theorem is true even without this hypothesis since
the set of points where it fails is small.
Theorem 2.4. Let (M1, g1) and (M2, g2) be strongly causal, compact, time-oriented
Lorentzian manifolds of dimension n ≥ 3 with boundary. Suppose that each point
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p ∈Mi in the interior Mi of M i is the future endpoint of a past-inextendible time-
like geodesic which intersects ∂M i transversely. If M1 and M2 have isomorphic
fireworks data, then they are isometric.
In other words, the isometry type of a strongly causal, compact, time-oriented
Lorentzian manifold of dimension n ≥ 3 with boundary with the above transversality
condition for geodesics is uniquely determined by fireworks data.
The proof of Theorem 2.4 can be extended to cover some settings in which the
manifold is not necessarily compact and the data is not necessarily given at the
boundary. This gives rise to further complications, in particular when the manifold
is noncompact and the set where the data is given is not connected. For this reason
we will consider only the case of compact manifolds with boundary.
We have drawn two-dimensional illustrations for the proof, even though the case
n = 2 is not covered by the theorem.
Proof. The proof follows the general idea described in Section 1.2, and consists of
eight steps:
(1) Consider a smooth fiber bundle E → B and a subset D ⊆ E × [0,∞)×E,
and construct a certain open submanifold Ω ⊆ E× (0,∞). At this point E
and D may be arbitrary, but in later steps E will be ∂TM and D will be
fireworks data for a manifold M . The set Ω will consist of vectors in ∂TM
and curve lengths, which should be thought of as representing geodesic
segments.
(2) Construct an equivalence relation ∼ on Ω.
(3) Note that if there is a topology and a smooth structure on the quotient
Ω
/∼ such that the quotient map p : Ω → Ω/∼ is a surjective submersion,
then this topology and smooth structure is unique.
(4) Note that if there is a time-oriented Lorentzian metric on the quotient such
that the tangents of the curves t 7→ p(ξ, t) form a subset with fiberwise
nonempty interior of the bundle of future-directed unit timelike tangent
vectors based in Ω
/∼ (in the sense that it intersects each fiber in a subset
with nonempty interior) then this metric is unique.
(5) Suppose that a time-oriented Lorentzian manifold (M, g) with interior M
is such that ∂TM is isomorphic as a smooth fiber bundle to E by an iso-
morphism which identifies the fireworks data with D. Choose a surjective
submersion Θ: Ω→M and a bijection Θ˜ : Ω/∼→M such that the follow-
ing diagram commutes:
Ω
M Ω
/∼ .
Θ
Θ˜
p
This submersion Θ will essentially be the exponential map.
(6) Show that this choice of Θ is such that the tangents of the curves t 7→ Θ(ξ, t)
form a subset with fiberwise nonempty interior of the bundle of future-
directed unit timelike tangent vectors based in M .
(7) From this, conclude that the topology, smooth structure, and metric on M
is uniquely determined.
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exp(tξ)
∂M
ξ
Figure 5. A Lorentzian manifold consisting of a compact subset
of the Minkowski plane, where Ω̂ is not a manifold. The same
phenomenon occurs in higher dimensions.
(8) Apply [5, Theorem 5.3] to determine the metric on all of M .
Step 1
Let Ω̂ be the image of D under the projection pi : E×R×E → E×R onto the first
two components,
Ω̂ = pi(D).
This set Ω̂ is not necessarily a manifold, because of the phenomenon shown in
Figure 5, and for some of the arguments we will need a manifold. However, the
interior of Ω̂ is an open subset of E×R and so inherits a smooth manifold structure.
Let Ω be this interior:
Ω = intpi(D).
The manifold Ω will be the object of main interest, but we will need Ω̂ to construct
an equivalence relation ∼ on Ω.
We will now say a few words about what properties the sets Ω and Ω̂ have in the
case when D is fireworks data of an actual strongly causal, compact, time-oriented
Lorentzian manifoldM with boundary ∂M , and E = ∂TM . In this case, Ω consists
precisely of the pairs (ξ, t) (where t > 0 and ξ is timelike, future-directed, and based
at ∂M) such that ξ is transverse to ∂M and the geodesic of length t starting with
ξ does not intersect ∂M except at its initial endpoint. Similarly, every element
(ξ, t) ∈ Ω̂ is such that the geodesic starting with ξ has length at least t.
Step 2
The set Ω̂ can be partitioned into sets Ω̂Σ indexed by nonempty subsets Σ ⊆ E, by
letting
Ω̂Σ = {(ξ, t) ∈ E × [0,∞) | (ξ, t, η) ∈ D ⇐⇒ η ∈ Σ} .
In other words, Ω̂Σ consists of those pairs (ξ, t) such that the inverse image pi−1(ξ, t)
is precisely {(ξ, t)} ×Σ. Of course, Ω̂Σ will be empty for most choices of Σ. Equip
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q
r = exp(tζ)
= exp((s + t)ξ)
η
ξ
ζ
Figure 6. The equivalence relation  will identify (ξ, s + t) and
(ζ, t) where s is such that exp(sξ) = q and t > 0 is arbitrary
(though small enough for the geodesics to stay in the manifold.)
p
ξ1
ξ2
ξ3
ξ4
η1
η2
Figure 7. Let ti be such that exp(tiξi) = p. Let Σ = {λη1, λη2 |
λ ∈ R+}. Then (ξ1, t1) ∼ (ξ2, t2) since there is a path in Ω̂Σ
connecting them. For the same reason (ξ3, t3) ∼ (ξ4, t4). Finally
(ξ2, t2) ∼ (ξ3, t3) since they are identified by . Hence the equiva-
lence relation ∼ captures the fact that exp(t1ξ1) = exp(t4ξ4).
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each set Ω̂Σ with the subspace topology. Let ∼ be the equivalence relation on Ω
defined as follows:
• Define an auxiliary equivalence relation  on Ω̂ by letting (ξ, t)  (ζ, s) if
for every η ∈ E and every τ ∈ [0,∞) it holds that
(ξ, t+ τ, η) ∈ D ⇐⇒ (ζ, s+ τ, η) ∈ D.
See Figure 6 for an illustration.
• Define ∼ on Ω by letting (ξ, t) ∼ (ζ, s) if there is some Σ ⊆ E such that
(ξ, t) and (ζ, s) both belong to Ω̂Σ and such that they belong to the same
connected component of Ω̂Σ
/. See Figure 7 for an illustration. (Here
Ω̂Σ
/ is equipped with the quotient topology.)
Step 3
Suppose now that A and A′ are smooth structures (including topologies) on the set
Ω
/∼ making it into a smooth manifold such that the quotient map p : Ω → Ω/∼
is a smooth submersion with respect to both of them. Then the smooth manifolds(
Ω
/∼,A) and (Ω/∼,A′) are diffeomorphic. This can be seen as follows: Choose a
point q ∈ Ω/∼. Since p : Ω→ (Ω/∼,A) is a surjective submersion, it has a smooth
section s : (V,A)→ Ω on an open A-neighborhood V of q, and we get the following
commutative diagram:
Ω
V
(
Ω
/∼,A) (Ω/∼,A′) .
s p
p′
id
This means that p′ ◦ s : (V,A) → (Ω/∼,A′) is smooth. The map p′ ◦ s is the
restriction of the identity map id :
(
Ω
/∼,A)→ (Ω/∼,A′) to the neighborhood V
of q. Since q was arbitrary, this shows that the identity is a smooth map. Repeating
the argument with A and A′ reversed shows that its inverse is also smooth. Hence
it is a diffeomorphism.
Equip Ω
/∼ with this unique topology and smooth structure, whenever it exists.
Step 4
Suppose that g1 and g2 are time-oriented Lorentzian metrics on Ω
/∼ such that the
tangents of the curves t 7→ p(ξ, t) form a subset with fiberwise nonempty interior of
the bundle of future-directed unit timelike tangent vectors in gi. Then the tangent
map of the identity id :
(
Ω
/∼, g1) → (Ω/∼, g2) maps a nonempty open set of
future-directed unit timelike vectors at each point to future-directed unit timelike
vectors, and hence the identity id is an isometry. Equip Ω
/∼ with this unique
metric, whenever it exists.
Step 5
Let (M, g) be a time-oriented Lorentzian manifold with boundary satisfying the
hypotheses of the theorem:
• M is strongly causal and compact.
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• Every point in the interior M of M is the future endpoint of a past-
inextendible timelike geodesic intersecting the boundary transversely.
Suppose moreover that ∂TM ∼= E by a fiber bundle isomorphism which identifies
the fireworks data of M with D. Our first task is to construct a surjective submer-
sion Θ: Ω→ M , and for this we will use the exponential map of M . Let n be the
normalization map defined by
n(ξ) =
ξ√−g(ξ, ξ)
for timelike ξ. Define
Θ(ξ, t) = exp (tn(ξ)) .
We first need to show that this definition makes sense. Note that Ω contains only
timelike vectors ξ, so n(ξ) is well-defined. It is also necessary that there is a geodesic
segment in M of length t starting with ξ and that this segment ends in the interior
of M . The first part is guaranteed by definition of Ω, since this definition tells us
that (ξ, t, η) ∈ D for some lightlike η ∈ ∂TM , which in turn means that there is a
broken geodesic starting with ξ the timelike part of which exists for a distance t.
To see that Θ (tn(ξ)) /∈ ∂M , note that if this were not the case then (ξ, t) would
not be an interior point of Ω ⊆ E × [0,∞), contradicting the openness of Ω. This
shows that Θ is well-defined.
To show that Θ: Ω → M is a surjective submersion, we will construct smooth
local sections around every point of M . Choose a point p ∈ M . By hypothesis,
there is at least one timelike geodesic with future endpoint p which intersects ∂M
transversely. Let X(p) be a future-directed tangent vector to any such geodesic at
p. Extend X(p) to a smooth vector field X on a neighborhood U of p. By shrinking
U we can ensure (using Lemma 2.2) that the geodesics ending with X(q) for q ∈ U
intersect ∂M transversely. Define s : U → Ω by
s(q) = (Φg(−T∂(−X(q)), X(q)), T∂(−X(q))) ∈ Ω
where Φg is the geodesic flow and T∂(−X(q)) is the time after which the geodesic
starting with −X(q) hits the boundary of M . (Note that s takes values in Ω since
the strong causality condition and compactness ofM tells us that each past-directed
lightlike geodesic from each point in M must intersect ∂M .) The function T∂ is
smooth by Lemma 2.2, so s is also smooth. Now Θ(s(q)) = q for all q ∈ U so s
is a section of Θ on the neighborhood U of the arbitrary point p. By doing this
for all timelike geodesics with future endpoint p which intersect ∂M transversely,
we get local sections which hit all preimages of p under Θ. Hence Θ is a surjective
submersion.
Extend Θ: Ω → M to a continuous map Θ̂ : Ω̂ → M using the same formula as
for defining Θ. This is well-defined since the geodesic starting with ξ has length at
least t if (ξ, t) ∈ Ω̂. (Note that it does not make sense to ask whether Θ̂ is smooth,
since we have not given Ω̂ a smooth structure.)
We will show that Θ descends to a bijection Ω
/∼→M , in other words that there
is a bijection Θ˜ such that the following diagram commutes:
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Ω
M Ω
/∼.
Θ
Θ˜
p
To show this, it is sufficient to show that Θ(ξ0, t0) = Θ(ξ1, t1) if and only if
(ξ0, t0) ∼ (ξ1, t1). Suppose first that (ξ0, t0) ∼ (ξ1, t1). By definition, this means
that (ξ0, t0) and (ξ1, t1) belong to the same connected component C of Ω̂Σ
/ for
some Σ ⊆ E. We will show that Θ̂ descends to a map defined on the quotient
Ω̂Σ
/, and that this map maps all of C to a single point, so that in particular
Θ(ξ0, t0) = Θ(ξ1, t1). For both these statements, we will need the following fact:
Every point of M (including boundary points) has a neighborhood V such that
if Σ ⊆ E contains two nonparallel vectors then Θ̂(Ω̂Σ) ∩ V contains at most one
element. To see this, take a point q ∈M . If Σ contains a non-lightlike vector, then
Ω̂Σ = ∅, so we may assume that Σ contains only lightlike vectors. Temporarily en-
large M to a Lorentzian manifoldM without boundary. Let U ⊆ M be a convex
neighborhood (as defined in Appendix A) of q inM. SinceM is strongly causal and
U ∩M is an open (in M) neighborhood of q, there is a causally convex (as defined
in Appendix A) open neighborhood V ⊆ U ∩M of q. Suppose that Θ̂(Ω̂Σ) ∩ V
has two distinct elements q 6= qˆ. Then the family of lightlike geodesics in M from
Σ passes through both q and qˆ. The geodesic segments between these points must
be completely contained in V since V is causally convex. Since Σ contains two
nonparallel vectors, this means that we have more than one geodesic segment in
U connecting q and qˆ, which contradicts U being a convex neighborhood. Hence
Θ̂(Ω̂Σ) ∩ V can have at most one element.
To see that Θ descends to a map on the quotient Ω̂
/, suppose (ζ0, s0)  (ζ1, s1),
or equivalently that for all τ ∈ [0,∞) and η ∈ E it holds that
(ζ0, s0 + τ, η) ∈ D ⇐⇒ (ζ1, s1 + τ, η) ∈ D.
Note that the following statements are equivalent:
• (ζ0, s0 + τ) belongs to the domain of Θ̂.
• There exists some η ∈ E such that (ζ0, s0 + τ, η) ∈ D.
• There exists some η ∈ E such that (ζ1, s1 + τ, η) ∈ D.
• (ζ1, s1 + τ) belongs to the domain of Θ̂.
The set of τ ∈ [0,∞) such that Θ̂(ζ0, s0 + τ) is defined (or equivalently such that
Θ̂(ζ1, s1 + τ) is defined) is closed and bounded, and so has a maximum. Let t
denote this maximum. Our first claim is that Θ̂(ζ0, s0 + t) = Θ̂(ζ1, s1 + t). To see
this, note that Θ̂(ζ0, s0 + t) ∈ ∂M , since otherwise the geodesic starting with ζ0
would be extendible beyond time s0 + t. Similarly, Θ̂(ζ1, s1 + t) ∈ ∂M . Choose
η ∈ TΘ̂(ζ1,s1+t)M outward-directed and future-directed such that (ζ1, s1 + t, η) ∈ D.
Then (ζ0, s0 + t, η) ∈ D. If it were the case that Θ̂(ζ0, s0 + t) 6= Θ̂(ζ1, s1 + t), then
the inextendible geodesic ending with η must pass through Θ̂(ζ0, s0) and Θ̂(ζ1, s1)
in that order. Reversing the roles of (ζ1, s1) and (ζ0, s0) we get a lightlike geo-
desic through these points in the opposite order. Concatenating these geodesic
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segments, we get a closed piecewise smooth future-directed lightlike curve, con-
tradicting the assumption that M is strongly causal. Hence it must hold that
Θ̂(ζ0, s0 + t) = Θ̂(ζ1, s1 + t). We will now show that the curves τ 7→ (ζ0, s0 + τ, η)
and τ 7→ (ζ1, s1 + τ, η) coincide near τ = t. Let V be a neighborhood of the com-
mon point Θ̂(ζ0, s0 + t) = Θ̂(ζ1, s1 + t) with the property described above: For any
S ⊆ E containing two nonparallel vectors, Θ̂(Ω̂S)∩V has at most one element. For
all sufficiently small  > 0 both Θ̂(ζ0, s0 + t− ) and Θ̂(ζ1, s1 + t− ) are contained
in V . For fixed , make the choice
S = {η ∈ E | (ζ0, s0 + t− , η) ∈ D} = {η ∈ E | (ζ1, s1 + t− , η) ∈ D}
where the second equality is due to the assumption that (ζ0, s0)  (ζ1, s1). Note
that S contains many nonparallel elements since every future-directed lightlike
geodesic from Θ̂(ζ0, s0 + t− ) hits ∂M at some point by the assumption of strong
causality, and no two such geodesics can end in parallel vectors at ∂M unless they
were parallel to begin with. By definition of fireworks data, these geodesics must
be represented in D. Now (ζ0, s0 + t− ) and (ζ1, s1 + t− ) are both contained
in Ω̂S. Since Θ(Ω̂S) ∩ V has at most one element, we have then shown that
Θ̂(ζ0, s0 + t − ) = Θ̂(ζ1, s1 + t − ) for all sufficiently small  ≥ 0. Since both
curves τ 7→ Θ̂(ζi, si + τ) are geodesics, they must agree on their common domain.
In particular, they must agree at τ = 0 so it must hold that Θ̂(ζ0, s0) = Θ̂(ζ1, s1).
This shows that Θ̂ descends to a map on the quotient Ω̂
/. Hence it also descends
to a map on the quotient Ω̂Σ
/. This map is continuous since Ω̂Σ/ has been
given the quotient topology.
We now continue the proof that Θ(ξ0, t0) = Θ(ξ1, t1) if (ξ0, t0) ∼ (ξ1, t1). The
reader is encouraged to keep Figure 7 on page 11 in mind. Suppose first that
(ξ0, t0) and (ξ1, t1) belong to the same connected component C of the space Ω̂Σ
/.
The set Σ contains two nonparallel vectors (and in fact infinitely many pairwise
nonparallel vectors) since Ω̂Σ is nonempty. This is because each future-directed
lightlike geodesic from each point in M reaches ∂M by compactness and strong
causality. We will show that Θ̂ maps all of C to a single point, so that in particular
Θ(ξ0, t0) = Θ(ξ1, t1), by showing that the set Θ̂(Ω̂Σ) is discrete. This set consists
of points q ∈ M such that the past-inextendible lightlike geodesics ending with
vectors in Σ all intersect in q. Choose a neighborhood V of q ∈ Θ̂(Ω̂Σ) such that
Θ̂(Ω̂Σ) ∩ V consists of at most one point, as described above. This single point
must then be q itself. Since q was arbitrary, Θ̂(Ω̂Σ) is a discrete space. The map
Θ̂ : Ω̂Σ
/→ Θ̂(Ω̂Σ) is continuous, and hence maps the connected component C to
a connected component of Θ̂(Ω̂Σ), which must be a single point since this space is
discrete. Hence Θ(ξ0, t0) = Θ(ξ1, t1) as claimed.
Conversely, suppose that Θ(ξ0, t0) = Θ(ξ1, t1). In other words, suppose that the
geodesics γ0 and γ1 starting with ξ0 and ξ1 and parameterized by curve length hit
the same point q after time t0 and t1 respectively:
γ0(t0) = q = γ1(t1).
Since Θ(λξi, ti) = Θ(ξi, ti) and (λξi, ti)  (ξi, ti) for all λ > 0, we may assume
without loss of generality that the ξi are unit vectors. Let ζi = −γ˙i(ti) and let
ζ : [0, 1]→ TqM be a curve of timelike unit vectors at q with ζ(0) = ζ0 and ζ(1) = ζ1.
For s ∈ [0, 1] let αs( · ) denote the past-inextendible geodesic starting with ζ(s). Let
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Γ =
{
(s, τ) ∈ [0, 1]× R | αs (τ) ∈ ∂M
}
. The set Γ is closed since it is the inverse
image of the closed set ∂M under the continuous map (s, τ) 7→ exp (τζ (s)). Define
the equivalence relation ≈ on Γ by letting (s, t) ≈ (s, t′) for all s, t, and t′. Note that
≈ is a “two-dimensional” version of  in the sense that (−α˙s(t), t)  (−α˙s′(t′), t′)
if and only if (s, t) ≈ (s′, t′). (For the “only if” direction, the observation that Θ̂
descends to a map on Ω̂
/ is needed.) By definition of ∼, it holds that (ξ0, t0) ∼
(ξ1, t1) if (0, t0) and (1, t1) belong to the same connected component of Γ
/≈, which
is true since Lemma 2.3 tells us that the space Γ
/≈ is connected. This completes
the proof that Θ (ξ0, t0) = Θ (ξ1, t1) if and only if (ξ0, t0) ∼ (ξ1, t1).
Step 6
We now wish to show that the tangents of the curves t 7→ Θ (ξ, t) are future-directed
unit timelike vectors based in M , and that the unit tangent space at each point
contains an open set of such tangent vectors. Each such tangent is future-directed
unit and timelike since the curve t 7→ Θ (ξ, t) is a timelike unit-speed future-directed
geodesic. Now consider a point p ∈ M . By hypothesis there is a future-directed
unit timelike geodesic ending with some ζ0 ∈ TpM which intersects the boundary
transversely. By Lemma 2.2 there is a neighborhood of ζ0 where all vectors are final
velocities of geodesics transverse to the boundary. This gives us an open subset V
of the unit timelike tangent space at p. For ζ ∈ V , let ξ(ζ) ∈ ∂TM denote the
initial velocity of the geodesic, and let t(ζ) denote its length. Then ζ is the tangent
of the curve t 7→ Θ(ξ(ζ), t) at t(ζ).
Step 7
Finally, suppose that (M1, g1) and (M2, g2) are two Lorentzian manifolds satisfying
the hypotheses of the theorem. Consider the following commutative diagram:
Ω
M1 Ω
/∼ M2
Θ2
Θ˜2
pΘ1
Θ˜1
The bijections Θ˜i induce two smooth structures on Ω
/∼ such that p is a surjective
submersion, since the Θi are surjective submersions and p = Θ˜−1i ◦Θi by commuta-
tivity of the diagram. By uniqueness of the smooth structure on Ω
/∼ these smooth
structures must be diffeomorphic, so Θ˜2 ◦ Θ˜−11 is a diffeomorphism. Similarly, the
bijections Θ˜i induce two metrics g1 and g2 on Ω
/∼. These metrics are such that the
tangents of the curves t 7→ p(ξ, t) form a subset with fiberwise nonempty interior
of the bundle of future-directed unit timelike vectors in gi. Hence these metrics
coincide, and Θ˜2 ◦ Θ˜−11 is an isometry. This proves that (M1, g1) and (M2, g2) are
isometric.
Step 8
The manifolds (M1, g1) and (M2, g2) are two conformal completions of the com-
mon interior (M1, g1) ∼= (M2, g2). They have strongly causal boundaries and are
maximal since they are compact. By [5, Theorem 5.3] and the remarks on page
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27 of that paper, these extensions are equivalent, which implies that the manifolds
(M1, g1) and (M2, g2) are conformal. Since their interiors are isometric, the con-
formal factor is 1 in the interior and hence everywhere by continuity. This means
that (M1, g1) and (M2, g2) are isometric. 
It is possible to extend the above proof to directly yield an isometry including
the boundary without using [5, Theorem 5.3]. To do this, one works with Ω̂ directly,
instead of Ω, to get a surjection Ω̂ → M . Since Ω̂ is not necessarily a manifold
(Figure 5 on page 10), this is not a submersion in the usual sense, but it retains
the property of having sufficiently many local sections for the proof to go through.
The properties of fireworks data which were used in the proof are summarized in
the definition of “generalized fireworks data” given below; the proof goes through
without change for any choice of generalized fireworks data. We note this to show
that some of the particular choices we made when defining fireworks data do not
matter.
Definition 2.5. A generalized fireworks data map is a map D which to each time-
oriented Lorentzian manifold M with boundary ∂M assigns the pair
D(M) = (∂TM → ∂M,D),
where ∂TM → ∂M is the restriction of the smooth fiber bundle TM →M to ∂M
and D is a subset of ∂TM × [0,∞)× ∂TM such that the following holds:
There is a family (which is not part of the data) of sets (Σp)p∈M such that
• each set Σp is a subset of ∂TM ,
• each set Σp consists of future-directed lightlike vectors,
• each past-inextendible geodesic ending with some η ∈ Σp passes through
the point p,
• each set Σp contains two nonparallel vectors,
• (ξ, t, η) ∈ D if and only if
• ξ is future-directed and timelike,
• η is future-directed and lightlike,
• η ∈ Σexp(tξˆ) where ξˆ is the normalization of ξ to unit length.
Moreover, we demand that if M1 and M2 are isometric, then D(M1) and D(M2)
are isomorphic in the sense defined below. (If this were not imposed, then one
might make “different” choices of Σp for different isometric manifolds.)
The generalized fireworks data involves pairs (E → B,D) where E → B is a
smooth fiber bundle and D ⊂ E × [0,∞)× E is a set. Our notion of isomorphism
between such pairs is the following: For i ∈ {1, 2} let Ei → Bi be smooth fiber
bundles and let Di ⊆ Ei × [0,∞)×Ei be arbitrary subsets. We say that the pairs
(E1 → B1, D1) and (E2 → B2, D2) are isomorphic if there is a smooth fiber bundle
isomorphism F : (E1 → B1)→ (E2 → B2) such that (F × id×F )(D1) = D2.
3. Broken timelike lens rigidity
We now turn to the question of whether a Lorentzian manifold can be recon-
structed from its broken timelike lens data. It turns out that this problem can be
reduced to the fireworks rigidity considered in the previous section. The broken
timelike lens data is defined similarly to the fireworks data, with the difference that
we now consider broken geodesics which are always timelike.
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Definition 3.1. LetM be a time-oriented Lorentzian manifold with boundary ∂M .
The broken timelike lens data of M is the set of triples (ξ, t, η) ∈ ∂TM ×R× ∂TM
such that
• ξ is future-directed and timelike,
• η is future-directed and timelike,
• the geodesic starting with ξ intersects the geodesic ending with η, and the
broken geodesic thus formed has total length t.
The geodesics are allowed to intersect ∂M in arbitrarily many points. We say
that M and M ′ have isomorphic broken timelike lens data if ∂TM → ∂M and
∂TM ′ → ∂M ′ are isomorphic as smooth fiber bundles, by an isomorphism which
identifies the broken timelike lens data of M with the broken timelike lens data of
M ′, and which identifies the zero section of ∂TM with the zero section of ∂TM ′.
We will now construct the fireworks data of a manifold from its broken timelike
lens data, so that we can apply Theorem 2.4 and get a statement about broken
timelike lens rigidity. We do the construction with a lightlike convexity condition
on the manifold: We assume that any lightlike geodesic which is tangent to the
boundary somewhere must be completely contained in the boundary. In other
words, any lightlike geodesic entering the interior of the manifold must intersect the
boundary transversely. It is possible to prove broken timelike lens rigidity in greater
generality, at the cost of introducing significant further technical complications,
by doing this reconstruction with a weaker convexity condition on the manifold.
When the convexity condition is weakened, not every lightlike geodesic is the limit
of timelike geodesics. However, the proof of Theorem 2.4 is robust under changes
of the data which involve restricting the set of lightlike geodesics represented in the
data, as illustrated by the definition of generalized fireworks data in Definition 2.5,
so we would still get a rigidity statement. We will not consider that approach here.
Proposition 3.2. Let (M1, g1) and (M2, g2) be strongly causal, compact, time-
oriented Lorentzian manifolds of dimension n ≥ 2 with boundary. Suppose that any
lightlike geodesic which is tangent to the boundary ∂M i somewhere is completely
contained in the boundary. If M1 and M2 have isomorphic broken timelike lens
data, then they also have isomorphic fireworks data.
Proof. Let M be a strongly causal, compact, time-oriented Lorentzian manifold
with boundary such that any lightlike geodesic which is tangent to the boundary
somewhere is completely contained in the boundary. Let L denote its broken time-
like lens data and let D denote its fireworks data. We will show that D is the set
of all (ξ, t, η) such that
• η 6= 0,
• (ξ, t, η) /∈ L,
• there is a sequence ti → t and a sequence ηi → η such that (ξ, ti, ηi) ∈ L.
We will then have constructed D from L. The construction is by taking limits,
which commutes with diffeomorphisms, so if M1 and M2 have isomorphic broken
timelike lens data then they also have isomorphic fireworks data.
We will now show that D is the proposed set of limits. Suppose first that ti → t
and ηi → η are sequences such that (ξ, ti, ηi) ∈ L and (ξ, t, η) /∈ L. The vector η
is future-directed causal since it is the limit of future-directed causal vectors, and
non-timelike since otherwise we would have had (ξ, t, η) ∈ L. Hence η is lightlike.
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Figure 8. A metric where the construction in Proposition 3.2 of
fireworks data from broken timelike lens data does not work, since
it captures far too many lightlike vectors at the upper boundary.
This example violates the condition of strong causality.
That (ξ, ti, ηi) ∈ L means that there are τi, si ≥ 0 such that
exp(τiξ) = exp(−siηi),
τi
√
−g(ξ, ξ) + si
√
−g(ηi, ηi) = ti.
We will prove that si has a bounded subsequence. If not, then si → ∞. Then
exp(−sηi) → exp(−sη) for all s ≥ 0 by continuity of the exponential map, so
s 7→ exp(−sη) is a geodesic defined on [0,∞). This geodesic is lightlike since η is
lightlike. This is a contradiction sinceM is strongly causal. This means that si has
a bounded subsequence, and hence also a convergent subsequence. For notational
convenience, assume without loss of generality that si itself is convergent, and
denote its limit by s. This means that si
√−g(ηi, ηi)→ 0 so that τi√−g(ξ, ξ)→ t.
Let τ = t/
√−g(ξ, ξ). We now know that
exp(τξ) = exp(−sη),
τ
√
−g(ξ, ξ) + s
√
−g(η, η) = t.
Hence there is a broken geodesic of length t starting with ξ and ending with η. This
shows that (ξ, t, η) ∈ D.
Conversely, suppose that (ξ, t, η) ∈ D. Let p = exp(tξˆ), where ξˆ is the normaliza-
tion of ξ to unit length. If p ∈ ∂M then (ξ, t, ζ) ∈ L for all timelike future-directed
ζ ∈ TpM so in particular there is a sequence ζi → η such that (ξ, t, ζi) ∈ L. Suppose
now that p /∈ ∂M . Let ζ ∈ TpM be such that the geodesic starting with ζ ends
with η. By hypothesis, this geodesic must be transverse to ∂M . By Lemma 2.2 all
timelike vectors in TpM sufficiently close to ζ also give geodesics which are trans-
verse to ∂M , and the function T∂ measuring the parameter time to the boundary
is smooth near ζ. Choose a sequence ζi → ζ and let ηi = Φg(T∂(ζi), ζi), where Φg
denotes the geodesic flow. Let ti = t +
√−g(ζi, ζi)T∂(ζi). Then (ξ, ti, ηi) ∈ L and
(ξ, ti, ηi) → (ξ, t, η). Since η is lightlike, it cannot be the case that (ξ, t, η) ∈ L.
This completes the proof. 
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The above construction does not work if the condition that the manifold is
strongly causal is completely removed. As a counterexample, consider a metric on
[0, 1]× S1 with a single closed lightlike curve and spacelike boundary, as shown in
Figure 8. Then for every future-directed timelike vector ξ at the lower boundary,
there is a t such that (ξ, t, η) is a limit of the broken timelike lens data for all
lightlike η at the upper boundary. However, the fireworks data contains at most
two such triples for each pair (ξ, t).
We can now combine Proposition 3.2 with the result from the previous section
to obtain a theorem about broken timelike lens rigidity.
Theorem 3.3. Let
(
M, g
)
be a strongly causal, compact, time-oriented Lorentzian
manifold of dimension n ≥ 3 with boundary, where every point belongs to a past-
inextendible timelike geodesic intersecting the boundary transversely. Suppose more-
over that any lightlike geodesic which is tangent to the boundary somewhere is com-
pletely contained in the boundary. The isometry type of
(
M, g
)
is then uniquely
determined by the broken timelike lens data of (M, g).
Proof. Combine Proposition 3.2 and Theorem 2.4. 
4. Sky shadow rigidity
We will now discuss another kind of data at the boundary of a Lorentzian man-
ifold with boundary. Suppose that lightlike geodesics are sent out from a point.
These will typically intersect the boundary in a lower-dimensional set, giving the
“shadow” which would be formed if light rays were prevented from traveling through
the point. The word “sky” is used in [17] to mean the set of lightlike geodesics
through a point, so these shadows are in a sense shadows of skies on the boundary.
The question is then, if we observe the shadows, can we reconstruct the manifold
and its metric? In this section we will make the question precise, and show that
indeed we can reconstruct the manifold and its metric up to a conformal factor,
provided we impose the strong causality condition, a weak convexity condition, and
demand that no lightlike geodesics have conjugate points.
We will begin by making the concept of a “sky shadow” precise.
Definition 4.1. Let M be a Lorentzian manifold with boundary. The pre-sky of
a point p ∈ M is the set of vectors η ∈ TM such that η is tangent to a lightlike
geodesic through p.
We call this a pre-sky since it is the preimage of a sky under the projection from
the space of lightlike vectors to the space of skies. Intersecting the past half of the
pre-sky of a point with the tangent bundle over the boundary gives the “past sky
shadow” of the point. In other words it may be defined as follows.
Definition 4.2. The past sky shadow of a point p ∈ M is the set of η ∈ ∂TM
such that either η or −η is the initial velocity of a future-directed lightlike geodesic
through p. As previously, ∂TM is the restriction of TM to the boundary of M .
Some past sky shadows are illustrated in Figure 2 on page 4 and Figure 3 on
page 4.
Definition 4.3. The past sky shadow data of a time-oriented Lorentzian manifold
M with boundary is the set of past sky shadows of points in the interior of M . We
say that M and M ′ have isomorphic past sky shadow data if ∂TM → ∂M and
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∂TM ′ → ∂M ′ are conformal as smooth vector bundles with Lorentzian metrics, by
a conformal vector bundle isomorphism which
• identifies the tangent bundles of the boundaries, that is identifies T∂M
with T∂M ′,
• identifies the past sky shadow data of M with the past sky shadow data of
M ′.
Note that this is a stronger notion of isomorphism than the one we used for
fireworks data.
We begin by showing by an example that the past sky shadow data is in general
not sufficient to determine a time-oriented Lorentzian manifold uniquely unless
additional conditions are imposed.
Example 4.4. Let n ≥ 3 and let (Sn−1, h) be the (n−1)-sphere with the standard
round unit sphere Riemannian metric h, so that all unit speed geodesics are periodic
with period 2pi. For each positive real number T let(
MT , gT
)
=
(
[0, T ]× Sn−1,−dt2 + h) .
Then the lightlike geodesics through any point (t, p) ∈ MT are the same as the
lightlike geodesics through (t+ 2pik, p) for every integer k (provided, of course, that
t+ 2pik ∈ [0, T ]). This means that MT has the same sky shadow data as MT+2pik
for all positive integers k, even though they are non-conformal. Note that these
manifolds MT are well-behaved in the sense that they are globally hyperbolic and
have spacelike boundary. Note also that when T is sufficiently small, no lightlike
geodesic in MT contains a pair of conjugate points.
We therefore need more information about a manifold to be able to reconstruct
it from the sky shadow data. A condition that is technically convenient to work
with is the condition that no lightlike geodesic contains a pair of conjugate points.
In the family (MT+2pik)k∈Z in the above example, there is precisely one manifold
in which no lightlike geodesics contain conjugate points, so if we know a priori that
the manifold which we want to reconstruct has this property, then we might hope
to be able to reconstruct it.
We are now ready to state and prove our second main theorem, which tells us that
the past sky shadow data defined above uniquely determines the manifold structure
and metric up to a conformal factor, provided the strong causality condition holds
and no lightlike geodesics contain conjugate points, and provided we impose a weak
convexity condition.
Theorem 4.5. Let (M1, g1) and (M2, g2) be strongly causal, compact, time-oriented
Lorentzian manifolds of dimension n ≥ 3 with boundary. Suppose that both mani-
folds are such that
• no lightlike geodesic contains a pair of conjugate points, and
• every interior point lies on a past-inextendible lightlike geodesic which in-
tersects the boundary transversely.
If M1 and M2 have isomorphic past sky shadow data, then they are conformal.
In other words, the conformal class of any strongly causal, compact, time-oriented
Lorentzian manifold of dimension n ≥ 3 with boundary with the above conditions
on lightlike geodesics is uniquely determined by the past sky shadow data.
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As was the case with Theorem 2.4, the proof can be extended somewhat to cover
some settings in which the manifold is not necessarily compact and the data is not
necessarily given at the boundary. However, we consider only the case of compact
manifolds with data given at the boundary.
Proof. The idea of the proof is to use the observation from Section 1.2, and construct
a suitable manifold Ω from the past sky shadow data of M1 and M2. This time, as
opposed to in the proof of Theorem 2.4, we will not explicitly define an equivalence
relation on Ω, and the submersions Ω→Mi will factor through vector bundles over
Mi.
Let ∂TM → ∂M denote a smooth vector bundle which is isomorphic to both
∂TM1 → ∂M1 and ∂TM2 → ∂M2. We introduce this bundle to emphasize that
the construction of Ω is independent of i. Similarly, let [g] denote the conformal
class of the indefinite inner products on ∂TM given by the isomorphisms with
∂TM1 and ∂TM2, and view T∂M as a subset of ∂TM . This is well-defined by
definition of isomorphism of past sky shadow data. Let ∂NM → ∂M denote the
subbundle of ∂TM consisting of lightlike vectors (which can be identified using the
conformal class [g]).
We will begin by constructing a fiber bundle J which will be needed for the
argument. This bundle J will consist of pairs (η, b) where η ∈ ∂NM is a lightlike
vector based at some point in ∂M and b is a vector space endomorphism of η⊥
/
η.
Here η⊥ denotes the space of vectors orthogonal to η, as defined in Appendix B.
We have Rη ⊆ η⊥ since η is null, so the quotient makes sense. The explicit con-
struction of J , which will endow it with a fiber bundle structure, is as follows. View
∂NM ⊕ ∂TM as a vector bundle over ∂NM and let P ⊆ ∂NM ⊕ ∂TM be the
subbundle defined by
P = {(η,X) ∈ ∂NM ⊕ ∂TM | [g](η,X) = 0}.
Define an equivalence relation  on P by letting (η,X)  (η,X+λη) for all λ 6= 0.
Then P
/ is a vector bundle over ∂NM . Let J be the endomorphism bundle of
this vector bundle P
/. Then J consists of pairs (η, b) where η ∈ ∂NM and b is a
vector space endomorphism of η⊥
/
η, as promised.
The past sky shadows are subsets of ∂TM . In the nicest case, a past sky shadow
(after adding a zero section) is a line bundle over an embedded spacelike hypersur-
face Σ ⊆ ∂M , consisting of lightlike vectors which are orthogonal to Σ. Even if this
does not quite hold, the past sky shadows may have subsets of this form. We will
collect these subsets in a set S. More precisely, let S denote the set of line bundles
N → Σ where Σ ⊆ ∂M is an embedded spacelike hypersurface and the total space
N (after removing the zero section) is a subset of a past sky shadow such that all
nonzero elements of N are transverse to ∂M and orthogonal to Σ. This set S can
be determined since we have an inclusion T∂M ↪→ ∂TM and a conformal metric
for ∂TM . We will use the elements of S to construct an interesting subset Ω ⊆ J .
Consider an element (N → Σ) ∈ S. The image under the exponential map of a
sufficiently small neighborhood of the zero section of N is an immersed null hy-
persurface H. For each η ∈ N we may compute the null Weingarten map (defined
in Appendix B) of H with respect to η. Call this null Weingarten map b(η). We
define the set Ω using an auxiliary set Ω̂: For each vector η ∈ N , let (η, b(η)) ∈ Ω̂.
By doing this for all elements (N → Σ) ∈ S, we have constructed the set Ω̂ ⊆ J .
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η
α(η)
Σ
∂M i
Figure 9. The map α flows each lightlike vector to the boundary,
along the geodesic it generates. The past sky shadow of the base
point of η is a line bundle over the spacelike submanifold Σ.
With pi1 : (η, b) 7→ η, define
Ω =
{
(η, b) ∈ Ω̂ | η is an interior point of pi1(Ω̂) ⊆ ∂NM
}
.
Note that rescaling a lightlike vector η by some λ 6= 0 rescales the null Weingarten
map b(η) by the same factor λ, so if (η, b) ∈ Ω then (λη, λb) ∈ Ω for all λ 6= 0.
For i ∈ {1, 2}, let Mi = intM i be the interior of M i. Let NMi denote the
lightlike tangent bundle of Mi, and let N˜Mi = NMi ∩ T˜Mi, where T˜Mi is defined
as in Lemma 2.2. Note that N˜Mi is an open subset of NMi since T˜Mi ⊆ TMi is
open. We will now show that Ω is an embedded submanifold of J , diffeomorphic
to both N˜M1 and N˜M2. To that end, fix i ∈ {1, 2}.
Step 1: Definition of a smooth map Ψ: N˜Mi → J with im(Ψ) = Ω.
Consider the past lightlike half-geodesics through the base point of a vector η ∈
N˜Mi, as shown in Figure 9. These half-geodesics form a null hypersurface which
intersects the boundary of the manifold in a set Σ. By parallel transport of η to
the boundary along the geodesic it generates we obtain a vector α(η), and we can
compute the null Weingarten map b(α(η)) of the null hypersurface with respect to
α(η). This defines a map Ψ(η) = (α(η), b(α(η))). We will now prove that this map
is smooth and that im(Ψ) = Ω.
Let Φg denote geodesic flow, let T∂ be defined as in Lemma 2.2 and let pi denote
the projection pi : TM i →M i. Define T∂ by
T∂(η) =
{
−T∂(−η) if η is future-directed,
T∂(η) if η is past-directed.
The map α : N˜Mi → ∂TM i can then be described by α(η) = Φg(T∂(η), η). This
map flows lightlike vectors to the boundary, as shown in Figure 9. The map is
smooth since T∂ is smooth by Lemma 2.2. In particular, for each p ∈ Mi the
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restriction αp of α to N˜pMi is smooth, and we interpret α as a smooth family
of smooth maps αp indexed by p ∈ Mi. In particular, the derivatives of αpi(η)
at η depend smoothly on η. Fix p ∈ Mi and let N = N˜pMi ∩ T −1∂ (1). The
restriction of T∂ to N˜pMi is a submersion since λT∂(λX) = T∂(X) for all λ > 0
and all X ∈ N˜pMi. This means that N ⊂ N˜pMi is an embedded submanifold. The
restriction of αp to the future-directed component of N is geodesic flow for time
−1, which is an embedding. The restriction of pi ◦αp to N is simply the exponential
map composed with negation, which is an immersion since we have assumed that no
lightlike geodesics have conjugate points. Now αp(N˜pMi) is a line bundle (except
for missing a zero section) over the immersed hypersurface pi(αp(N˜pMi)) ⊂ ∂M i,
consisting of vectors which are lightlike and normal to the hypersurface. For each
η ∈ N˜Mi, we define Ψ(η) = (α(η), b(α(η))) ∈ Ω. Note that the image of αpi(η) is a
spacelike section of the null hypersurface for which b(α(η)) is the null Weingarten
map. This means that b(α(η)) is a smooth function of the derivatives of αpi(η) at
η. These derivatives depend smoothly on η, so we conclude that Ψ(η) depends
smoothly on η.
To show that the image of Ψ is all of Ω, we first show that each αp is an
embedding, so that every embedded (n− 2)-submanifold in the image of αp is the
diffeomorphic image of a submanifold of N˜pMi. Since αp(λη) = λαp(η) for λ > 0
and since N is transverse to all curves λ 7→ λη, we get diffeomorphic splittings
N˜pM ∼= N × R+ and αp(N˜pM) ∼= αp(N) × R+, in terms of which we can express
αp((η, λ)) = (αp(η), λ). Since αp|N is an embedding, αp is also an embedding. To
see that im(Ψ) = Ω, choose (η, b) ∈ Ω. Since Ψ(ζ) = −Ψ(−ζ) for all ζ, we may
suppose without loss of generality that η is future-directed. By definition of Ω the
pair (η, b) comes from the past sky shadow of some point p ∈ Mi. Let ζ ∈ NpMi
be such that there is a geodesic starting with η and ending with ζ. This geodesic
intersects ∂M i transversely since η is an interior point of pi(Ω̂), so ζ ∈ N˜pMi. Then
by definition of Ψ we have Ψ(ζ) = (η, b).
Interlude: A characterization of an inverse of Ψ.
In the next step we will show that Ψ is injective. Its inverse can be characterized
using the optical equation for the null Weingarten map. We begin by describing the
idea. Consider a congruence of past-inextendible future-directed lightlike geodesics
through a point p ∈Mi. Let γ : [0, T ]→M i be one of the geodesics, with an affine
parameterization where γ(0) ∈ ∂M i and γ(T ) = p. For t ∈ [0, T ] let b(t) be the
null Weingarten map of the congruence along γ. Then Ψ(γ˙(T )) = (γ˙(0), b(0)). Our
task is to reconstruct γ˙(T ) from (γ˙(0), b(0)). Of course, reconstructing γ from an
initial velocity γ˙(0) is simply a matter of existence and uniqueness of geodesics.
The nontrivial part is to reconstruct the time T . To do this, we will use the optical
equation from Appendix B, which says that
b′(t) = −b(t)2 −Rγ˙(t)
with ′ denoting covariant derivative in direction γ˙(t). This, together with initial
data b(0), forms an initial value problem, which has a unique solution. The idea
is now that something very significant happens to b(t) as t→ T ; a computation in
normal coordinates centered at the apex p = γ(T ) shows that
lim
t→T−
tr b(t) = −∞.
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For future use we note that the computation also shows that the trace-free part of
b(t) tends to zero:
lim
t→T−
(
b(t)− tr b(t)
n− 2 id
)
= 0.
This means that the existence interval for the solution to the initial value problem
cannot include T . On the other hand, the null Weingarten map of the geodesic
congruence is well defined and satisfies the differential equation for all t ∈ [0, T ), so
the existence interval must be precisely [0, T ). This is how we can reconstruct T
from (γ˙(0), b(0)). We will now rephrase this in more precise language.
Given (η, b0) ∈ Ω, we wish to define Ψ−1(η, b0) ∈ N˜Mi. The function Ψ−1 will
later be shown to be an inverse to Ψ. We begin by defining Ψ−1(η, b0) for future-
directed η, and later extend the definition by letting Ψ−1(−η,−b0) = −Ψ−1(η, b0).
Let γη be the inextendible geodesic with γ˙η(0) = η. The following is an initial value
problem for a tensor along γη, with ′ denoting covariant derivative in direction γ˙η:
(?)
{
b′(t) = −b(t)2 −Rγ˙η(t),
b(0) = b0.
Let T be the existence time of the maximal solution to this initial value problem and
define Ψ−1(η, b0) = γ˙η(T ). Note that Ψ−1 commutes with multiplication by λ > 0
for geometrical reasons; multiplication by positive real numbers corresponds to a
change of parameterization of γ. We extend Ψ−1 to the case when η is past-directed
by letting Ψ−1(η, b0) = −Ψ−1(−η,−b0). Then Ψ−1 commutes with multiplication
by any λ 6= 0.
For general initial data the existence interval could be cut off by the boundary
of the manifold. This would happen for instance if we let M i be a compact part of
Minkowski space, and use initial data b0 = 0. However, for initial data from Ω we
know a priori that the existence interval will end due to the trace of b diverging.
Step 2: Ψ is injective, and its inverse is continuous.
Since both Ψ and Ψ−1 commute with multiplication by nonzero real numbers, we
may assume without loss of generality that the vectors η considered below are
future-directed.
We will now show that the function Ψ−1 defined above is actually an inverse to Ψ,
and that it is continuous. That (η, b0) is in the image of Ψ means that it comes from
a pre-sky of some point p ∈ Mi. The projection of this pre-sky by pi : TMi → Mi,
or equivalently the image under the exponential map of the light cone at p, is an
immersed null hypersurface, since we have assumed that no lightlike geodesics have
conjugate points. Letting γ be the geodesic with γ˙(0) = η and γ(T ) = p, and
letting b be the null Weingarten map of the immersed null hypersurface along γ,
we get a solution to the initial value problem used to define Ψ−1. This solution
is bounded on compact subsets of [0, T ) and blows up at T , which means that
Ψ−1(η, b0) = γ˙(T ), proving that Ψ−1 is an inverse to Ψ. Note that this was easy
to show only because the projected pre-sky is an immersed hypersurface, for which
we needed that there are no conjugate points.
The function Ψ−1 can be written as
Ψ−1(η, b0) = Φg(T (η, b0), η)
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where Φg is the geodesic flow and T (η, b0) is the existence time of solutions to the
initial value problem (?). To see that Ψ−1 is continuous, it is then sufficient to
show that T (η, b0) depends continuously on η and b0. We will remove all geometry
from the problem and reduce it to a question about ordinary differential equations.
Let γη be the geodesic with γ˙η(0) = η. The null Weingarten map along γ is
an endomorphism of T⊥γη
/
Tγη, as discussed in Appendix B. Choose a parallel
frame X1(t, η), . . . , Xn−2(t, η) for T⊥γη
/
Tγη along γη and let R(t, η) be the matrix
representation of Rγ˙η(t) in this frame. Note that Xi(t, η) and R(t, η) can be chosen
to depend smoothly on t and η. Using this frame, the initial value problem (?) can
be written as an initial value problem for matrices:{
b˙(t, η, b0) = −b2(t, η, b0)−R(t, η),
b(0, η, b0) = b0.
Here we view η and b0 as parameters for the initial value problem, and b˙ is the
derivative of b with respect to t. Let θ and σ be the trace and trace-free part of b,
respectively:
θ = tr(b),
σ = b− θ
n− 2 id .
The differential equation for b splits into an equation for θ and an equation for σ
as follows: {
θ˙(t, η, b0) = − θ2n−2 − tr(σ2)− r(t, η),
σ˙(t, η, b0) = F (θ, σ, η, t).
We have suppressed the arguments (t, η, b0) in the right hand side of the first equa-
tion for clarity. The exact form of the right hand side of the second equation is
not important for our argument, so we have encapsulated it into a function F . The
only property of F we will use is that it is smooth. We have used r(t, η) to denote
the trace of R(t, η), which is smooth. Recall that the trace of b diverges to −∞ at
the endpoint of the existence interval (for initial data in Ω), so we want to know
when θ → −∞. We change variables by letting
a = arctan(θ).
The resulting system of differential equations is{
a˙(t, η, b0) = − sin
2(a)
n−2 − cos2(a)
(
tr(σ2) + r(t, η)
)
,
σ˙(t, η, b0) = F (tan(a), σ, η, t).
What we are interested in is the time T (η, b0) after which a → −pi/2. As long as
a 6= ±pi2 and σ is bounded, this is a smooth system of ordinary differential equations.
This means that a and σ are smooth functions on the set
Γ = {(t, η, b0) | 0 < t < T (η, b0)} ,
and moreover that Γ is open. We have
(1) a(t, η, b0) > −pi
2
if 0 < t < T (η, b0).
We can also derive an upper bound (local in η) for the existence time when the
initial value for a is sufficiently close to −pi2 . Note that r(t, η) = Ric(γ˙η(t), γ˙η(t))
where γη is the geodesic with initial velocity η. This means that for ξ close to η the
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functions r(·, ξ) are uniformly bounded, say by C > 0. Moreover, σ is symmetric
so tr(σ2) ≥ 0. Hence the differential equation for a implies that
a˙(t, ξ, b0) < − sin
2(a)
n− 2 + C cos
2(a)
for ξ in a neighborhood of η. This means for each  > 0 there is a δ > 0 such that
(2) a(τ, ξ, b0) < −pi
2
+ δ =⇒ a˙(t, ξ, b0) < −1 +  for all t > τ
for all b0 and for ξ in a neighborhood of η. For  < 1 this means that amust reach the
value −pi2 within time (a(τ, ξ, b0) + pi2 )/(1− ). Summarizing, if a(τ, ξ, b0) < −pi2 + δ
for some τ then T (ξ, b0) < τ + (a(τ, ξ, b0) + pi2 )/(1− ).
To see that T is continuous on Ω, consider a convergent sequence xi → x in
Ω. (For clarity of notation, we now abbreviate pairs of parameters (η, b0) by single
letters.) Then the sequence (T (xi))
∞
i=1 must have a convergent subsequence in the
sequentially compact space [0,∞]. We will show that each such subsequence has
the limit T (x), thereby proving that T is continuous. Pass to a subsequence and
let
T∞ = lim
i→∞
T (xi).
We will show that T∞ = T (x). If it were the case that T∞ < T (x) then (T∞, x)
would belong to the open set Γ. The function a is continuous on this set so then it
would hold that
a(T∞, x) = lim
i→∞
a(T (xi), xi) = −pi
2
.
However by (1) this means that T∞ ≥ T (x), contradicting the assumption that
T∞ < T (x). We will now show that the reverse inequality also holds, so suppose
for contradiction that T∞ > T (x). Let  > 0 and let δ > 0 be such that (2) holds
in a neighborhood of x. Let β ∈ (0, δ) be arbitrary. Since
lim
t→T (x)−
a(t, x) = −pi
2
we may choose t < T (x) depending on β such that a(t, x) < −pi2 + β2 . By continuity
of a on Γ it then holds that
lim
i→∞
a(t, xi) < −pi
2
+
β
2
so for all sufficiently large values of i it holds that a(t, xi) < −pi2 + β. Hence by (2)
and by choice of , δ, and β
T (xi) < t +
β
1−  .
Taking the limit as i→∞ we obtain
T∞ ≤ t + β
1−  .
Since β ∈ (0, δ) was arbitrary and t < T (x) for every β, this means that
T∞ ≤ T (x).
This completes the proof that T∞ = T (x), proving that T is indeed continuous.
We have now shown that the existence time of solutions to the initial value
problem (?) depends continuously on the initial values and parameters. Since Ψ−1
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is defined using geodesic flow for this existence time, we have shown that Ψ−1 is
continuous.
Step 3: Ψ is an immersion
Since Ψ(−ζ) = −Ψ(ζ) for all ζ ∈ N˜Mi we may without loss of generality con-
sider only past-directed vectors. Let η ∈ N˜Mi be past-directed. We will show
that the kernel of the tangent map Ψ∗(η) is trivial. We start by finding a hy-
perplane on which this tangent map is injective. Let Φg denote the geodesic flow
on NM i. Let T∂ : N˜Mi → R be the time-to-boundary function from Lemma 2.2.
Note that the composition of Ψ with the projection pi1 : (η, b) 7→ η is the map
η 7→ Φg(T∂(η), η). By Lemma 2.2 we know that T∂ is smooth. It is also a sub-
mersion since λT∂(λX) = T∂(X) for all λ > 0. This means that its level sets are
hypersurfaces in N˜Mi. Let L be the level set at level τ = T∂(η). This means that for
ξ ∈ L it holds that pi1(Ψ(ξ)) = Φg(τ, ξ). Since Φg(τ, · ) is a diffeomorphism for fixed
τ , this means that pi1 ◦Ψ restricted to L is a diffeomorphism onto its image. Hence
the rank of the tangent map Ψ∗ at η must be at least dim(L) = dim(N˜Mi) − 1.
We will now consider a direction transverse to L.
A particularly nice curve through η transverse to L is obtained by parallel trans-
port of η along γη. In other words, the curve s 7→ γ˙η(s) is transverse to L. Note
that pi1(Ψ(γ˙η(s))) is constant and that (pi1)∗◦Ψ∗ is injective on TηL, so if the de-
rivative of s 7→ Ψ(γ˙η(s)) at 0 is nonzero, then it is linearly independent of Ψ∗(TηL),
and we will have shown that Ψ is immersive at η. As in the previous case we will
compose with a projection. Let pi2 : (η, b) 7→ b. We will show that the derivative
of s 7→ pi2(Ψ(γ˙η(s))) at 0 is nonzero. To do this, we will investigate what happens
to the null Weingarten map b at the boundary when we move the apex of the pre-
sky from γη(0) to γη(s). The first step consists of using the optical equation for
b to show that b at the boundary changes if and only if b changes at any other
point along γη before the apex. The second step is to show that b changes in a
neighborhood of γη(0) when we move the apex.
Let b(·, s) denote the null Weingarten map (along γη) of the lightcone of the
point γη(s) (or, more precisely, of the image of the lightcone under the exponential
map). Two such lightcones are shown in Figure 10. As before, for each s the map
b(·, s) satisfies the differential equation
b′(t, s) = −b(t, s)2 −Rγ˙η(t),
where ′ denotes covariant derivative in direction γ˙η(t), in other words derivative
with respect to t. We do not have suitable initial data at t = s = 0 for this
equation since the trace of b diverges as t → s. However, for each  > 0 and each
0 ≤ s < , we can use b(, s) as initial data, and evolve b from there: For  to be
fixed later, let b˜s be the solution of the initial value problem{
b˜′s(t) = −b˜s(t)
2 −Rγ˙η(t),
b˜s() = b(, s).
Let τ = T∂(η). Now pi2(Ψ(γ˙η(s))) = b˜s(τ). By the theory of ordinary differential
equations, the value of b˜s(τ) depends diffeomorphically on the initial data b(, s).
This means that if ddsb(, s) 6= 0, then ddspi2(Ψ(γ˙η(s))) 6= 0, which is what is needed
to complete the proof of the claim that Ψ is an immersion. In fact, it is true that
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γη(0)
γη(s)
γη(T∂(η))
∂M i
Figure 10. The past sky shadow of the point γη(s) differs from
the past sky shadow of the point γη(s) for s > 0. In Step 3 of
the proof of Theorem 4.5, the null Weingarten map of (the image
under the exponential map of) the lightcone of γη(s) evaluated at
γη(t) (for t > s ≥ 0) is denoted b(t, s). What is shown in that step
is that the derivative of b(T∂(η), s) with respect to s, evaluated at
s = 0, is nonzero.
d
dsb(, s) 6= 0 at s = 0 for all sufficiently small  > 0. To see this, take the trace of
the differential equation for b, letting θ(t, s) = tr(b(t, s)):
θ˙(t, s) = −θ(t, s)
2
n− 2 − tr(Rγ˙η(t)).
Recall that what happens for t > s as t→ s for fixed s is that θ(t, s)→ −∞. Since
the curvature term R and all its derivatives are locally bounded, this means that
θ(t, s) =
1
s− t + e(s, t)
for some error term e with locally bounded derivatives (when s and t are close to
0), and hence
d
ds
θ(t, s) = − 1
(s− t)2 +
d
ds
e(s, t) 6= 0
for all t and s sufficiently close to zero. In particular, if we let  > 0 be sufficiently
small and let 0 ≤ s <  then
d
ds
θ(, s) 6= 0.
This shows that ddspi2(Ψ(γ˙η(s))) 6= 0, completing the proof of the claim.
Conclusion
Recall that we are considering two manifolds M1 and M2 with interiors denoted
M1 and M2 and with the same past sky shadow data, and that we constructed a
fiber bundle J and a set Ω ⊆ J in the beginning of the proof. We have shown above
that Ω is an embedded submanifold of J and that each N˜Mi is diffeomorphic to
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Ω by a map Ψi. (To see the connection with the idea in Section 1.2 we can define
Θi by composing Ψ−1i with the projection pi : N˜Mi → Mi. We will not use the
notation Θi, but rather work directly with the composition.) We would now like
to find a map ψ making the following diagram commute:
N˜M1 Ω N˜M2
M1 M2
Ψ1 Ψ
−1
2
p1 p2
ψ
To show that such a map exists, it is sufficient to show that if p1(η) = p1(ξ)
then p2(Ψ−12 (Ψ1(η))) = p2(Ψ
−1
2 (Ψ1(ξ))). This, however, is almost tautological:
That p1(η) = p1(ξ) means that η and ξ are based at the same point. This means
that Ψ1(η) and Ψ1(ξ) come from the same past sky shadow. This in turn means
that Ψ−12 (Ψ1(η)) and Ψ
−1
2 (Ψ1(ξ)) are different vectors at the same point, so that
p2(Ψ
−1
2 (Ψ1(η))) = p2(Ψ
−1
2 (Ψ1(ξ))). Since we have assumed that every interior point
of M i lies on a past-inextendible lightlike geodesic which intersects the boundary
transversely, the projections pi are surjective. Hence there is a unique function
ψ making the above diagram commute. Since the N˜Mi are open submanifolds of
NMi, the projections are surjective submersions. This means that ψ is smooth.
Repeating the argument with the roles of M1 and M2 reversed gives a smooth
inverse to ψ, so ψ is a diffeomorphism. Since the diagram commutes and the fibers
of N˜Mi are nonempty open submanifolds of the fibers of NMi, the diffeomorphism
ψ has to be conformal. By an application of [5, Theorem 5.3] as in Step 8 in
the proof of Theorem 2.4, the manifolds M1 and M2 including boundaries are
conformal, completing the proof. 
5. Broken lightlike scattering rigidity
This section concerns our final rigidity theorem, using “broken lightlike scattering
data”. This data is defined similarly to the fireworks data and the broken timelike
lens data, except using only lightlike geodesics. The fact that the geodesics are
lightlike means that their lengths are always zero, so there is no point in including
these lengths in the data.
Definition 5.1. LetM be a time-oriented Lorentzian manifold with boundary ∂M .
The broken lightlike scattering data of M is the set of pairs (ξ, η) ∈ ∂TM × ∂TM
such that
• ξ is future-directed and lightlike,
• η is future-directed and lightlike,
• the geodesic starting with ξ intersects the geodesic ending with η.
We will obtain the rigidity theorem in this section as a corollary of Theorem 4.5
by constructing the past sky shadow data from the broken lightlike scattering data.
To do this we will also need the “lightlike scattering data”, which we call “unbro-
ken lightlike scattering data” for emphasis. This data is somewhat simpler than
the broken lightlike scattering data in that it encodes information about lightlike
geodesics which are not allowed to have any breakpoints.
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Definition 5.2. LetM be a time-oriented Lorentzian manifold with boundary ∂M .
The (unbroken) lightlike scattering data ofM is the set of pairs (ξ, η) ∈ ∂TM×∂TM
such that
• ξ is future-directed and lightlike,
• η is future-directed and lightlike,
• there is a geodesic starting with ξ and ending with η.
The manifolds MT of Example 4.4 show that the broken and unbroken lightlike
scattering data is in general not sufficient to determine the conformal class of a
manifold. However, if we assume that lightlike geodesics never refocus, in other
words that no pair of lightlike geodesics intersect in more than one point, then we
can use the broken lightlike scattering data together with the unbroken lightlike
scattering data to construct the past sky shadow data. If we, in addition, have the
conditions necessary for applying Theorem 4.5, then we do get the conclusion that
the conformal class is uniquely determined by the data. This is what we will do
now.
Proposition 5.3. Let (M1, g1) and (M2, g2) be strongly causal, compact, time-
oriented Lorentzian manifolds of dimension n ≥ 3 with boundary. Suppose that
they are such that
• no two points are connected by two different lightlike geodesics,
• all lightlike geodesics are achronal.
Suppose that M1 and M2 have isomorphic broken and unbroken lightlike scattering
data in the sense that ∂TM1 → ∂M1 and ∂TM2 → ∂M2 are conformal as smooth
vector bundles with Lorentzian metrics, by a conformal vector bundle isomorphism
which
• identifies the tangent bundles of the boundaries, that is identifies T∂M1
with T∂M2,
• identifies the broken lightlike scattering data of M1 with the broken lightlike
scattering data of M2,
• identifies the unbroken lightlike scattering data of M1 with the unbroken
lightlike scattering data of M2.
Then M1 and M2 have isomorphic past sky shadow data.
Proof. Let M be one of the manifolds M1 and M2. Let S denote the unbroken
lightlike scattering data ofM , and let B denote the broken lightlike scattering data
of M . We begin by using B and S to determine if the future-directed geodesics
starting with some lightlike vectors ξ1 and ξ2 intersect. This happens precisely
when (ξ1, η2) ∈ B and (ξ2, η1) ∈ B where η1 and η2 are such that (ξi, ηi) ∈ S. Let
us denote this relation by I, and use the notation ξ1Iξ2. We will show that Σ is a
past sky shadow if and only if it is a maximal set with the property that ξIξ′ for
all ξ, ξ′ ∈ Σ.
Suppose first that Σ is the past sky shadow of some point q ∈ M . Then the
elements of Σ are precisely those vectors which give rise to geodesics through q, so
ξIξ′ for all ξ, ξ′ ∈ Σ. There is no proper superset of Σ with this property, since an
additional geodesic would have to intersect the others in points different from q,
which would contradict the achronality of at least one of the geodesics.
Conversely, suppose that Σ is of the form described above. Since Σ is maximal,
we know that it contains at least two elements ξ1 and ξ2. The geodesics γi starting
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with ξi can intersect in at most one point by hypothesis. They must intersect in
some point, since ξ1Iξ2. Let the point of intersection be q. If ξ3Iξ1 and ξ3Iξ2 then
the geodesic starting with ξ3 must pass through q since the three geodesics are
achronal. Since Σ is maximal, it must be all of the past sky shadow of q. 
Theorem 5.4. Let (M1, g1) and (M2, g2) be strongly causal, compact, time-oriented
Lorentzian manifolds of dimension n ≥ 3 with boundary. Suppose that they are such
that
• no two points are connected by two different lightlike geodesics,
• all lightlike geodesics are achronal,
• no lightlike geodesic contains a pair of conjugate points, and
• every point is the future endpoint of a past-inextendible timelike geodesic
which intersects the boundary transversely.
Suppose that M1 and M2 have isomorphic broken and unbroken lightlike scattering
data in the sense that ∂TM1 → ∂M1 and ∂TM2 → ∂M2 are conformal as smooth
vector bundles with Lorentzian metrics, by a conformal vector bundle isomorphism
which
• identifies the tangent bundles of the boundaries, that is identifies T∂M1
with T∂M2,
• identifies the broken lightlike scattering data of M1 with the broken lightlike
scattering data of M2,
• identifies the unbroken lightlike scattering data of M1 with the unbroken
lightlike scattering data of M2.
Then M1 and M2 are conformal.
In other words, the conformal class of any strongly causal, compact, time-oriented
Lorentzian manifold of dimension n ≥ 3 with boundary with the above conditions
on lightlike geodesics is uniquely determined by the broken lightlike scattering data
together with the unbroken lightlike scattering data.
Proof. Combine Proposition 5.3 and Theorem 4.5. 
Appendix A. Some definitions
The following definitions can be found in [3, p. 53-54], [3, p. 59] and [20,
Definition 11 in Chapter 14], respectively. They are standard apart from that
we have defined causal convexity and strong causality for manifolds with possibly
nonempty boundary.
Definition A.1. A convex neighborhood in a Lorentzian manifold is a neighborhood
such that any two points can be joined by a unique geodesic in the neighborhood.
Definition A.2. A causally convex neighborhood in a Lorentzian manifold with
boundary is a neighborhood such that no causal curve intersects it twice.
Definition A.3. A Lorentzian manifold with boundary is strongly causal if for each
point p and for each neighborhood U of p, there is a causally convex neighborhood
p ∈ V ⊆ U . Strong causality implies causality (that there are no closed causal
curves) and is implied by global hyperbolicity.
Appendix B. Null geometry
For completeness, we summarize the properties of smooth null hypersurfaces
which are used in the paper. As references for null geometry, we suggest [9] and [12].
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Null hypersurfaces and null Weingarten maps. A null hypersurface is a hypersur-
face whose normal vector field is lightlike. The constructions in this appendix are
local, so they work even if the hypersurfaces are only immersed instead of embed-
ded. We will sometimes use the word “immersed” for emphasis. Let H be a null
hypersurface. There is no canonical choice of normal vector field on a null hyper-
surface, so fix one particular choice K. The null Weingarten map of H with respect
to the choice of normal vector field K is the map b : TH/K → TH/K defined by
letting b(X) = [∇XˆK] where Xˆ is any representative of X ∈ TH
/
K. The brackets
denote taking equivalence classes. A computation shows that b(X) does not depend
on the representative Xˆ chosen. Perhaps more surprisingly, b(X) evaluated at a
point p does not depend on the vector field K outside of p. If Kp = η, we use bη to
denote the null Weingarten map with respect to K evaluated at p. It can easily be
seen that bλη = λbη for λ 6= 0. In other words, rescaling the normal vector field by
λ 6= 0 rescales b by λ.
The null Weingarten map does not depend on the behavior of the null hypersur-
face in the null direction, in the sense that it can be computed from a spacelike slice
of the hypersurface together with a lightlike normal vector field along the slice.
When η is a lightlike vector we use Rη and η⊥ to denote the spaces of vectors
which are tangent to η and orthogonal to η, respectively. Since η is lightlike we
have Rη ⊂ η⊥, and we denote the vector space quotient of these spaces by η⊥/η.
Similarly, when γ is an immersed curve we use the notation Tγ for the tangent
bundle of γ (viewed as a vector bundle along γ), and T⊥γ for the normal bundle of
γ. If γ is a lightlike geodesic contained in a null hypersurface H, then TH = T⊥γ
so the null Weingarten map of H is an endomorphism on T⊥γ/Tγ.
The optical equation. Let H be an immersed null hypersurface and let γ be a
lightlike geodesic taking its values in H. Then the null Weingarten map bγ˙(t) along
γ satisfies the Riccati equation
b′γ˙(t) = −b2γ˙(t) −Rγ˙(t)
where RY is the (1, 1)-tensor on T⊥γ
/
Tγ constructed from the Riemann curvature
tensor Riem by
R([X]) = [Riem(X,Y, Y )].
The derivative b′γ˙(t) is the Levi-Civita covariant derivative of bγ˙(t) in direction γ˙(t),
which is well-defined even after taking equivalence classes. Following [6], we call
the equation the optical equation.
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